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Abstract 

There are two known general results on the finite model property (fmp) of commuta¬ 
tors [Lq,L{\ (bimodal logics with commuting and confluent modalities). If L is finitely 
axiomatisable by modal formulas having universal Horn first-order correspondents, then 
both [L, K] and [L, S5] are determined by classes of frames that admit filtration, and so 
have the fmp. On the negative side, if both Lq and L\ are determined by transitive frames 
and have frames of arbitrarily large depth, then [Lq,L{\ does not have the fmp. In this 
paper we show that commutators with a ‘weakly connected’ component often lack the 
fmp. Our results imply that the above positive result does not generalise to universally 
axiomatisable component logics, and even commutators without ‘transitive’ components 
such as [K3, K] can lack the fmp. We also generalise the above negative result to cases 
where one of the component logics has frames of depth one only, such as [S4.3, S5] and the 
decidable product logic S4.3xS5. We also show cases when already half of commutativity 
is enough to force infinite frames. 


1 Introduction 

A normal multimodal logic L is said to have the finite model property (fmp, for short), if for 
every L-falsifiable formula p, there is a finite model (or equivalently, a finite frame [T9]) for 
L where p fails to hold. The fmp can be a useful tool in proving decidability and/or Kripke 
completeness of a multimodal logic. While in general it is undecidable whether a finitely 
axiomatisable modal logic has the fmp [3], there are several general results on the fmp of 
uninrodal logics (see [3] [23] for surveys and references). In particular, by Bull’s theorem p] 
all extensions of S4.3 have the fmp. S4.3 is the finitely axiomatisable modal logic determined 
by frames (W,R), where R is reflexive, transitive and weakly connected: 

V.t, y, z € W (xRy A xRz —> (y = z V yRz V zRy)). 

The property of weak connectedness is a consequence of linearity, and so well-studied in 
temporal and dynamic logics, modal-like logical formalisms over point-based models of time 
and sequential computation [TO]. 

Here we are interested in to what extent Bull’s theorem holds in the bimodal case, that is, 
we study the fmp of bimodal logics with a weakly connected unimodal component. In general, 
it is of course much more difficult to understand the behaviour of bimodal logics having 
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two possibly differently behaving modal operators, especially when they interact. Without 
interaction, there is a general transfer theorem [5} [13]: If both Lq and L\ are modal logics 
having the fmp, then their fusion (also known as independent join) Lq © L\ also has the 
fmp. Here we study bimodal logics with a certain kind of interaction. Given unimodal logics 
Lq and L\, their commutator [Lq,L\] is the smallest bimodal logic containing their fusion 
Lq © L\, plus the interaction axioms 

□i D 0P n o n iP, DoDlPniDoP, <>o n iP D i<>oP- (1) 

These bimodal formulas have the respective first-order frame-correspondents of left commu¬ 
tativity, right commutativity, and confluence (or Church-Rosser property): 

(lcorn) \/x,y, z (xRoyRiz —> 3u xR\uRqz), 

(rcom) \fx,y, z (xRiyRoz —> 3u xRquR\z), 

(conf) \/x,y,z ( xR\y A xRqz —> 3u {yR$u A zR\u)). 

These three properties always hold in special two-dimensional structures called product frames, 
and so commutators always have product frames among their frames. Product frames are 
natural constructions modelling interaction between different domains that might represent 
time, space, knowledge, actions, etc. Properties of product frames and product logics (logics 
determined by classes of product frames) are extensively studied, see 0 [6] [H] for surveys 
and references. Here we summarise the known results related to the finite model property of 
commutators and products: 

(I) It is easy to find bimodal formulas that ‘force’ infinite ascending or descending chains 
of points in product frames under very mild assumptions (see Section [2] for details). There¬ 
fore, commutators often do not have the fmp w.r.t. product frames. However, commutators 
and product logics do have other frames, often ones that are not even p-morphic images of 
product frames, or finite frames that are p-morphic images of infinite product frames only 
(see Section [2]). So in general the lack of fmp of a logic does not obviously follow from the lack 
of fmp w.r.t. its product frames. In fact, there are known examples, say [K4, K] = K4xK 
and [S4, S5] = S4 X S5, that do have the fmp, but lack the fmp w.r.t. product frames. 

(II) The above two examples are special cases of general results in |7, [20]: If L is finitely 
Horn axiomatisable (that is, finitely axiomatisable by modal formulas having universal Horn 
first-order correspondents), then both [L, K] and [L, S5] are determined by classes of frames 
that admit filtration, and so have the fmp. 

(III) Shehtman [21] shows that products of some modal logics of finite depth with both 
S5 and Diff have the fmp. He also obtains the fmp for the product logic Diff xK. 

(IV) On the negative side, if both Lq and L\ are determined by transitive frames and have 
frames of arbitrarily large depth, then no logic between [Lq,L\] and LqxLi has the fmp [9]. 
So for example, neither [K4.3.K4.3] nor [K4.3,K4] have the fmp. 

(V) Reynolds [T7] considers the bimodal tense extension K4.3^ of K4.3 as first component 
(that is, besides the usual ‘future’ □, the language of K4.3 t contains a ‘past’ modal operator 
as well, interpreted along the inverse of the accessibility relation of □). He shows that the 
3-modal product logic K4.3^ x S5 does not have the fmp. 

In this paper we show that commutators with a ‘weakly connected’ component often lack 
the fmp. Our results imply that (II) above cannot be generalised to component logics having 
weakly connected frames only: Even commutators without ‘transitive’ components such as 
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[K3, K] can lack the fmp (here K3 is the logic determined by all -not necessarily transitive- 
weakly connected frames). On the other hand, we generalise (IV) (and (V)) above for cases 
where one of the component logics have frames of modal depth one only. In particular, we 
show (without using the ‘past’ operator) that the (decidable (TTj) product logics K4.3xS5 
and S4.3 xS5 do not have the fmp. Precise formulations of our results are given in Section [21 
These results give negative answers to questions in [7j, and to Questions 6.43 and 6.62 in [6]. 

The structure of the paper is as follows. Section [2] provides the relevant definitions and 
notation, and we discuss the fmp w.r.t. product frames in more detail. Our results are listed 
in Section 03 and proved in Section [4j Finally, in Section [5] we discuss the obtained results 
and formulate some open problems. 

2 Bimodal logics and product frames 

In what follows we assume that the reader is familiar with the basic notions in modal logic and 
its possible world semantics (for reference, see, e.g., [11 @j). Below we summarise some of the 
necessary notions and notation for the bimodal case. Similarly to (propositional) unimodal 
formulas, by a bimodal formula we mean any formula built up from propositional variables 
using the Booleans and the unary modal operators Do, Di, and Oo, Oi. Bimodal formulas are 
evaluated in 2 -frames: relational structures of the form 5 = (W,Ro,Ri), having two binary 
relations Rq and R\ on a non-empty set W. A Kripke model based on $ is a pair DJI = (3, 3), 
where 3 is a function mapping propositional variables to subsets of W. The truth relation 
‘DJI, w \= <p\ connecting points in models and formulas, is defined as usual by induction on 
(p. We say that p is valid in 3, if DJI, w \= <p, for every model DJI based on 3 and for every 
w € W. If every formula in a set E is valid in 3, then we say that 3 is a frame for E. We let 
FrE denote the class of all frames for E. 

A set L of bimodal formulas is called a (normal) bimodal logic (or logic , for short) if it 
contains all propositional tautologies and the formulas n,(p —> q) —>• (D,p —» [©(/), for i < 2, 
and is closed under the rules of Substitution, Modus Ponens and Necessitation for 

i < 2. Given a class C of 2-frames, we always obtain a logic by taking 

LogC = {<£>: ip is a bimodal formula valid in every member of C}. 

We say that LogC is determined by C, and call such a logic Kripke complete. (We write just 
Log 3 for Log {3}.) 

Let Lo and L\ be two unimodal logics formulated using the same propositional variables 
and Booleans, but having different modal operators (^o, a o f° r To, and Oi, CL for L\). Their 
fusion Lq © L\ is the smallest bimodal logic that contains both Lq and L\. The commutator 
[Lq,Li] of Lo and L\ is the smallest bimodal logic that contains Lq © L\ and the formulas 
in CD. Next, we introduce some special ‘two-dimensional’ 2-frames for commutators. Given 
unimodal Kripke frames 3o = (Wo, Ro) and 3i = (Wi, R\), their product is defined to be the 
2-frame 

3o x 3i = (Wo x II i,Ro, R i), 

where Wo x W\ is the Cartesian product of Wo and W\ and, for all u, v! € Wo, v, v' £ Wi, 

(u, v)Ro(u', v') iff uR 0 u' and v = v', 

(u, v)Ri(u f , v') iff vR\v' and u = vl. 
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2-frames of this form will be called product frames throughout. For classes Co and Ci of 
unimodal frames, we define 

C 0 xCi = {foxSi : Si € C i: for i = 0,1}. 

Now, for i < 2, let Li be a Kripke complete unimodal logic in the language with Oj and □*. 
The product of To and L\ is dehned as the (Kripke complete) bimodal logic 

T 0 x Li = Log (Fr L 0 x Fr Li). 

As we briefly discussed in Section |1] product frames always validate the formulas in (JT]) , and 
so [Lo,Ti] C LqxLi always holds. If both Lq and L\ are Horn axiomatisable, then [Lq, L\\ = 
LqxL\ m ■ In general, [To, Ti] can be properly contained in LqxL\. In particular, the universal 
(but not Horn) property of weak connectedness can result in such behaviour: [K4.3,K] is 
properly contained in the non-hnitely axiomatisable K4.3xK [15], see [6, Thms.5.15, 5.17] and 
[12] for more examples (here K and K4.3 denote the unimodal logics determined, respectively, 
by all frames, and by all transitive and weakly connected frames). 

It is not hard to force infinity in product frames. The following formula [6] Thm.5.32] 
forces an infinite ascending To-chain of distinct points in product frames with a transitive 
first component: 

□o Oip A □([□i(p ->• O 0 n+^p) (2) 

(here □q’V’ is shorthand for if A Do if). Also, the formula 

<>\OqP A -A OqOqp) A -)• □o -1 p) a CloOip (3) 

forces a rooted infinite descending To-chain of points in product frames with a transitive and 
weakly connected first component (see [8] Thm.6.12] for a similar formula). It is not hard 
to see that both fl2]) and (]3]) can be satisfied in infinite product frames, where the second 
component is a one-step rooted frame (IF, R) (that is, there is r € IF such that rRw for every 
w G IF, w / r). As a consequence, a wide range of bimodal logics fail to have the fmp w.r.t. 
product frames. If every finite frame for a logic is the p-morpic image of one of its finite 
product frames, then the lack of fmp follows. As is shown in |8j, such examples are the logics 
[GL.3,T] and GL.3xT, for any T having one-step rooted frames (here GL.3 is the logic 
determined by all Noetherian strict linear orders). However, in general this is not the case 
for bimodal logics with frames having weakly connected components. Take, say, the 2-frame 
S’ = (IF, <, IF x IF), where IF = {x, y} and x < x < y < y. Then it is easy to see that S is a 
p-morphic image of (cj, <) x (u,u x ui), but S is not a p-morphic image of any finite product 
frame. 

3 Results 

We denote by K3 the unimodal logic determined by all weakly connected (but not necessarily 
transitive) frames. 

Theorem 1. Let L be a bimodal logic such that 

• [K3, K] C T, and 

• (ui + 1, >) x^ is a frame for L, where S is a countably infinite one-step rooted frame. 
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Then L does not have the finite model property. 

Weak connectedness is a property of linear orders, and (u> + 1, >) is a frame for K4.3. 
Most ‘standard’ modal logics have infinite one-step rooted frames, in particular, S5 (the logic 
of all equivalence frames), and Diff (the logic of all difference frames (W, fi)). So we have: 

Corollary 1.1. Let L 0 be either K3 or K4.3, and L\ be any o/K, S5, Diff. Then no logic 
between [Lq,Li] and LqxLi has the fmp. 

However, (a; + 1, >) is not a frame for ‘linear’ logics whose frames are serial, reflexive 
and/or dense, such as Log(u;,<), S4.3, or the logic Log (Q, <) = Log (M, <) of the usual 
orders over the rationals or the reals. Our next theorem deals with these kinds of logics as 
first components. We say that a frame 5 = (H 7 , R) contains an (u + 1, >)-type chain , if there 
are distinct points x n , for n < uj, in W such that x n Rx m iff n > m, for all n,m < uj, n m. 
Observe that this is less than saying that ^ has a subframe isomorphic to (cj + 1, >), as for 
each 77. , x n Rx n might or might not hold. So £ can be reflexive and/or dense, and still have 
this property. 

Theorem 2. Let L be a bimodal logic such that 

• [K4.3,K] C L, and 

• 5 o x 3 i is a frame forL, whereto contains an (uj+l,>)-type chain, and$ i is a countably 
infinite one-step rooted frame. 

Then L does not have the finite model property. 

Corollary 2.1. Let Lq be any of Log(cj,<), Log(w,<), S4.3, Log(Q, <), and L\ be any of 
K, S5, Diff. Then no logic between [Lq,Li] and LqxL\ has the fmp. 

Our last theorem is about bimodal logics having less interaction than commutators. Let 
[Lq, Li] lcom denote the smallest bimodal logic containing Lq ® L\ and DiDop —> We 

denote by K4 _ the unimodal logic determined by all frames that are pseudo-transitive: 

Vx, y,z € W ( xRyRz ->(i = zV xRz )). 

Difference frames ( W ., 7 ^) are examples of pseudo-transitive frames where the accessibility 
relation 7 ^ is also symmetric. (Note that in 2-frames with a symmetric second relation, 
(rcom) is equivalent to (conf).) 

Theorem 3. Let L be a bimodal logic such that 

• [K3,K4~] kom C L, and 

• {ui + 1, >) x (cj, 7 ^) is a frame for L. 

Then L does not have the finite model property. 

Corollary 3.1. Neither [K3,K4~] kom nor [K3,Diff] kom have the fmp. 
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4 Proofs 

Proof of Theorem d For every bimodal formula ip and every n < cj, we let 

n n+1 

Oo n <P = a □q +1 ^< / 9 = 

We will use a ‘refinement’ of the formula ©• Let ip a o be the conjunction of the following 
formulas: 


OlOo(pADo±), 

(4) 

□i(0op -t OoOq 1 ]?), 

(5) 

^oiOiO^p -A Oi (p A □o _, P A □o n o _, n))- 

(6) 


Lemma 4. Let $ = {W, Rq, Ri) be any 2-frame such that Rq is weakly connected, and Ro, 
Ri are confluent and commute. If (p 00 is satisfiable in then 5 Is infinite. 

Proof. We will only use the following consequence of weak connectedness: 

(wcon - ) \/x,y,z (xRoy A xRqz —> (■yRoz V zRoy V \/w(jjRqw -h- zRow))^J. 

Suppose that SDL, r |= (p 00 for some model Wl based on 5- First, we define inductively three 
sequences u n , v n , x ni for n < u, of points in 5 such that, for every n < ui, 

(a) v n Rou n , 

(b) rRox n R±v n , and if n > 0 then x n -\Riu n , 

(c) OH, u n \= p A D 0 A □ 0 n 0 -'P, 

(d) SOT, v n (= Oj V 

If n = 0, then by 0 there are yo, uq such that rRiy^R^UQ and 

m,u 0 ^pAa 0 ±, ( 7 ) 

and so (c) holds. By 0, there is vo such that PqRqVq and an, vo f= Oq 1 p, and so vqRoUo 
follows by (wcon“) and (0. By (rcorn), we have xo with rRoxoRivo- 

Now suppose that, for some n < ui, Ui , Vi, Xi with (a)-(d) have already been defined for 
all i < n. By (b) and (d) of the IH, rRox n and 9J X,x n \= OiO^p. So by dU), there is u n+ 1 
such that x n Riu n+ i and 

SOT, u n+ 1 1= p A D 0 -ip A □ 0 n 0 -'p. (8) 

By (lcom), there is y n +i with rR\y n+ \Rou n+ x. By dSD , there is v n+ \ such that y n+ ii?o^n+i 
and 9n, v n+1 |= Oq 1 p, and so v n+ iRou n+ \ follows by (wcon“) and ([8|) . By (rcom), we have 
x n+ i with rRox n+ iRiv n+ i. 

Next, we show that all the u n are different, and so J is infinite. We show by induction on 
n that, for all n < tv, 

m,u n |=o^ n T. (9) 

For n = 0, (0 holds by 0. Suppose inductively that 0 holds for some n < oj. We have 
v n Rou n , by (a) above. We claim that 

Vu (■ v n Rou —>■ an, u 1= □q +1 _L). (10) 


6 



Indeed, suppose that v u Rqu. By (wcon~), we have either uRou n , or u n Rou , or \/w (u u Rqw ■<->■ 
uRqvj). As 9J X,u n \= p by (c), and SOI, v n |= □ 0 no _, p by (d), we cannot have uRou n . As we 
have 9JI, u n \= Dq + 1 _L by the IH, in the other two cases DJI, u |= Dq + 1 _L follows, proving (fTUl) . 
As DJI, u n |= OJJT by the IH, we obtain 

m,v n |=Oo n+1 T (11) 

by (flop and (a). By (b), we have rRox n Riv n and x n R\u n+ i. So SOI, x n |= Og +1 T follows 
by (rcom) and m Also, by (conf) and (fill) , we have DJI, x n \= □g + 2 _l_. Now we have 
m iUn+1 |= 0 ” +1 T by (conf), and SOI, u n+ \ \= Dq + 2 _L by (rcom). Therefore, DJI, u n+ \ \= 
Og n+ 1 T, as required. □ 

Lemma 5. Let $ be a countably infinite one-step rooted frame. Then <poo is satisfiable in 
ipj + 1, >) x 5. 

Proof. Suppose J = (IH, R), and let r, yo, y±,... be an arbitrary enumeration of W. Define a 
model 9JI over (w + 1, >) by taking 

W,(n,y)\=p iff n<u,y = y n . 

Then it is straightforward to check that SOI, (cu,r) |= <p 0c . □ 

Now Theorem |T] follows from Lemmas [3] and [5j □ 


Proof of Theorem 0 We will use a variant of the formula (p 00 used in the previous proof. The 
problem is that in reflexive and/or dense frames, a formula of the form Oq 1 p is clearly not 
satisfiable. In order to fix this, we use a version of the ‘tick trick’, introduced in [221 Eg. We 
fix a propositional variable t, and define a new modal operator by setting, for every formula 

♦oV’ =[!->■ O 0 (—A {ip V O 0 ^))] A [-i t ->O 0 (lA(^V O 0 ^))], and 
■o<£ = ““'♦o - 'V 7 - 


Now let DJI be a model based on some 2-frame 5 = (W. R.q. Rfi. We define a new binary 
—9ft 

relation R 0 on W by taking, for all x, y £ W, 

xK^y iff 3z £ W ( xRqz and (SOI, x |= f SOI, z \= -i t) and (z = y or zR^y )). 

—93? —93? 

We will write x~<R' 0 y, whenever xR' 0 y does not hold. It is straightforward to check the 
following: 

—9ft —9ft —9ft —9ft 

Claim 1. If Rq is transitive, then R~ 0 is transitive as well, R 0 C Rq, Rq o R 0 C fi 0; and 
—93? —93? 

R 0 o R 0 c Ag. 

—93? 

Also, ♦() behaves like a modal diamond w.r.t. R 0 , that is, for all x € W, 

SOI, x j= ♦oV’ iff 3y € W (xR^y and DJI. y |= ff) . 


However, R 0 is not necessarily weakly connected whenever Rq is weakly connected, but if Rq 
is also transitive, then it does have 


(wcon ) OT 


w / A 

vx, y, z I xRq y A xR 0 z 


{yR^z V zR^y V Ww(yR^w «->• zR^w))^J. 
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Claim 2. If Ro is transitive and weakly connected, then (wcon holds in 971. 

__ <$fl 

Proof. Suppose that xR 0 y and xR 0 z. By Claim |T] and weak connectedness of Rq, we have 

_ yyi _ 

that either y = z, or yRoz, or zR$y. If y = z then \/w ( yR 0 w ■<->■ zR 0 w) clearly holds. Next, 

_ fffl _gjj _ sjji 

suppose yRoz and y-<R 0 z. We claim that Mw (yR 0 w ■<->■ zR 0 w ) follows. Indeed, suppose 

—%ji _ —yyi 

hrst that zR 0 w for some w. Then we have yR' 0 w by Claim [U Now suppose yR 0 w for some 

_ SJJl 

w, and 9 71, y \= t. (The case when 971, y \= ->t is similar.) As yRoz and y^Ro z, we also have 
971, z \= t. Further, there is u such that 971, u \= ->t, yRou and either u = w or uRow. As Ro 

is weakly connected, either u = z, or uRqz, or zRqu. As yRoz and y~^R 0 z, we cannot have 

—9Jt 

u = z or uRoz, and so zRqu follows, implying zR 0 w as required. The case when zRoy and 
z-iR^y is similar. □ 

In case Ro and R\ interact in certain ways, we would like to force similar interactions 

_9ft 

between R 0 and R\. To this end, suppose that 971, r |= (|12|) . where 

(t V 0\t t A Dif) A n 0 (i V Oit ->■ t A Dif), (12) 

and consider the following properties: 

(lcorn )® 1 Vy,z (rR^yRiZ —► 3urR\uK^z), 

(rcom) OT Mx,y,z (( x = r V rRox) A xRiyR^z —> 3uxR^uR±z), 

(conf )'-’-' 1 \/x,y,z (rRoxR^z A xR\y —> 3u (yK^u A zR\uf). 

Claim 3. Suppose that Ro is transitive and 97T, r \= (fl2j) . 

(i) If (lcom) holds in 5, then (lcorn )® 1 holds in 971. 

(ii) If (rcom) holds in then (rcom)®* holds in 971. 

(iii) If (conf) holds in 5, then (conf)®* holds in 971. 

Proof. We show (ii) (the proofs of the other two items are similar and left to the reader). 

_9ft 

Suppose that x = r or rRox, xR\yR 0 z, and 971, x \= t. Then by (fl2l) . we have 971, y \= t. As 

_9ft 

yR 0 z, there is v such that 971, v |= -if, yRov , and v = z or vRoz. By (rcom), there is w with 

__9ft 

xRowRiv, and so 971, w |= ~<t by the transitivity of Ro and (fT2l) . If v = z, then xR 0 wR±z, as 
required. If vRqz then, again by (rcom), there is u with wRquRiz. Therefore, xR 0 uR±z, as 
required. The case when 971, x |= —<t is similar. □ 

Let be the conjunction of (fT 2 l) and the formulas obtained from (f4j)-(f6j) by replacing 

each Oo with ♦oj and each Dq with Hq. Now, because of Claims [2] and [3j the following lemma 

—9JI 

is proved analogously to Lemma [U with replacing Ro by R 0 everywhere in its proof: 

Lemma 6. Let £ = (W,Ro,Ri) be any 2-frame such that Ro is transitive and weakly con¬ 
nected, and Ro, R.\ are confluent and commute. If p ^ is satisfiable in then £ is infinite. 

Lemma 7. Let 3o be a frame for K4.3 that contains an (u; + 1, >)-type chain, and let 3q be 
a countably infinite one-step rooted frame. Then is satisfiable in 5c> x 3i • 
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Proof. Suppose SI = (IL). /?,;) for z = 0,1. Let x n , for n < u, be distinct points in Wo such 
that for all n, m < u, n / m, we have x n Rox m iff n > m. For every n < u, we let 

[x n+ i,x n ) = ({x £ W 0 : x n+ iRoxR 0 x n } U {x„+i}) - {x : x = x n or x n R 0 x}. 

Let r, yo,yi, ■ ■ ■ be an arbitrary enumeration of W\. Define a model 971 over So x Si by taking 

371, (x,y) | =t iff x £ [x n+ i,x n ), n < u, n is odd, y £ W\, 


9Jl,(x,y)\=p iff x £ [x n+ i,x n ), y = y n , n < u. 

Then it is easy to check that 971, (x^, r) j= ip ^ □ 

Now Theorem [2] follows from Lemmas [ 6 ] and [3 □ 

Proof of Theorem 0. Let ifoo be the conjunction of the following formulas: 

O 0 (p A ->q A A □i^), (13) 

□|O 0 (?ADrg), (14) 

□+no(g^Oi(pA-e ? An 0 -gAOi (? )), (15) 

□+n 0 no(p -a n 0 -yp), (16) 

where □+?/> = ^ A OiV’) for any formula if. 


Lemma 8 . Let S = (W, Ro, Ri) he any 2-frame such that Ro is weakly connected, R\ is 
pseudo-transitive, and Ro, Ri left-commute. If if a0 is satisfiable in S, then $ is infinite. 

Proof. Suppose that 971, r (= if oo for some model 971 based on S- First, we define inductively 
three sequences y n , u n , v n , for n < u>, of points in S such that, for every n < u, 

(e) (y n = r or rRiy n ), and y n Rov n R 0 u n , 

(f) if n > 0, then v n -\R\u n and u n R\v n -i, 

(g) 971, u n \= p, 

(h) 971, v n \= q /\ Di -iq. 

If n = 0, then let yo = r. By (fl3l) . there is uo such that yoRoUo and 

971, uq \= p A ->q A no -1 ? A □i~'g. (17) 

By (HU), there is vo such that yoRoVo and 971, vq \= q A □i~'g. Thus voRqUo follows by the 
weak connectedness of Ro and (fl7l) . 

Now suppose that, for some n < ui, yi , Ui , Vi with (e)-(h) have already been defined for 
all i < n. By (e) and (h) of the IH, either y n = r or rR\y n , y n R.ov n and 971, v n \= q A 
Also, by (fT5l) there is u n+ \ such that v n Riu n+ i and 

971, u n+ 1 |= p A ->q A □ 0 ->g A C >iq, (18) 

and so u n+ iR\v n follows by the pseudo-transitivity of R\. By (lcom), there is y n +\ such that 
y n Riy n +iRoUn+i- By the pseudo-transitivity of R\ and (e) of the IH, we have y n +i = r or 
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rRiy n+ i. Now by (HU), there is v n+ \ such that y n+ iRov n+ i and 931, v n+ i \= q A □i-ig. As 
931, u n+ \ 1= ->q A Do-ig by (fl8|) . v n+ \Ro)U n+ \ follows by the weak connectedness of Rq. 

Next, we show that all the u n are different, and so 5 is infinite. We show by induction on 
n that, for all n < oj, 

931, u n H An A A -'Xi, (19) 

i<n 

where xo = Eli -1 #, and for n > 0, 

Xn = 0 1 (q/\ O 0 (p A Xn-l)) • 

For n = 0, (fT9l) holds by (fT71) . Suppose inductively that (fT9l) holds for some n < oj. On the one 
hand, as 931, u n |= Xn by the IH, and u n+ iRiv n Rou n by (e) and (f), we have 931, u n+ \ |= Xn+i 
by (h) and (g). On the other hand, as v n R\u n+ i by (f), and DJI, v n |= □i-'g 1 by (h), by the 
pseudo-transitivity of i?i we have 

Vtc ( u n+ iR\w A 03 X,w |= q — > w = v n ). (20) 

Also, by (e), (g), (fl6l) . and the weak connectedness of Rq, we have 

Vu> (v u Rqw A 031, w )= p —> w = u n ). (21) 

As 031, u n |= Aj< n “'X* by the IH, we obtain that 031, u n +i 1= Ai<n+i ^Xi by HUD and (J2ID. □ 

Lemma 9. Aoo is satisfiable in (oj + 1, >) x (oj, =£). 

Proof. We define a model 031 over (uj + 1, >) x (oj, A) by taking 

031, (to, n) \= p iff m = n, n < oj, 

031, (to, n) \= q iff m = n + 1, n < oj. 

Then it is easy to check that 031, (oj, 0) |= A oo • □ 

Now Theorem [3] follows from Lemmas [8] and [9j □ 


5 Discussion and open problems 

We showed that commutators and products with a ‘weakly connected component’ (that is, a 
component logic having only weakly connected frames) often lack the fmp. We conclude the 
paper with a discussion of related results and open problems. 

(I) First, we discuss the decision problem of the logics under the scope of our results: 

• If Lq is any of K4.3, S4.3, Log(Q, <) and L\ is either S5 or K, then LqxL\ is decidable 
mm®- The known proofs build product models or quasimodels (two-dimensional 
structures of types) from finitely many repeating small pieces (mosaics). Can mosaic- 
style proofs be used to show that the corresponding commutators are decidable? 
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• The decidability of Log({(w, <)}xFr S5) can also be shown by a mosaic-style proof [6]. 
However, in [6j Thm.6.29] it is wrongly stated that this logic is the same as Log (u>, < 
)xS5. Unlike richer temporal languages, the unimodal language having a single O (and 
its □) is not capable to capture discreteness of a linear order (though, it can forbid the 
existence of infinite ascending chains between any two points). In particular, Log (w, <) 
does have frames containing (u + 1, >)-type chains. Therefore, the formula p£o used in 
the proof of Theorem [2] is Log (u>, <) x S5-satisfiable by Lemma 0 However, is not 
Log({(w, <)}x Fr S5)-satisfiable, as by the proof of Lemma [6l any 2-frame with a linear 
first component satisfying p 9 ^ must contain an (cj + 1, >)-type chain. So in fact it is 
not known whether any of Log (w, <)xS5 or [Log (w, <), S5] is decidable. Do they have 
the fmp? Also, are GL.3xS5 and [GL.3, S5] decidable? The similar questions for K 
in place of S5 are also open. 

• If L is any bimodal logic such that [K4.3, DiflF] C L and the product of an infinite linear 
order and and infinite difference frame is a frame for L, then L is undecidable HU. Can 
this result be generalised to the logics in Theorem [3]? In particular, is [K4.3, DifF ] lcom 
decidable? 

• It is shown in [T6J [lBj that if both Lq and L\ are determined by linear frames and have 
frames of arbitrary size, then LqxL± is undecidable. These results are generalised in [9]: 
If both Lq and L\ are determined by transitive frames and have frames of arbitrarily 
large depth, then all logics between [Lq,Li\ and LqxLi are undecidable. 

(II) As the formulas in (0) of Section [Tj are Sahlqvist-formulas, the commutator of two 
Sahlqvist-axiomatisable logics is always Kripke complete. In general, this is not the case. 
Several of the commutators under the scope of the undecidability results in [9] are in fact 
n}-hard, even when both component logics are finitely axiomatisable (e.g., [GL.3,K4] and 
[Log(w, <), K4] are such). As the commutator of two finitely axiomatisable logics is clearly 
recursively enumerable, the Kripke incompleteness of these commutators follow. It is not 
known, however, whether any of the commutators [GL.3,S5], [GL.3,K], [Log(cj , <), S5], 
[Log(w, <),K] is Kripke complete. 

(III) Apart from Theorem [3] above, not much is known about the fmp of bimodal logics 
with a weakly connected component that are properly between fusions and commutators. Say, 
does the logic of two commuting (but not necessarily confluent) K4.3-operators have the 
fmp? 

Acknowledgments. I am grateful to the anonymous referee for his thorough (and quick) 
reading of the manuscript. 
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